Abstract. We interpret Grillet's symmetric three-cohomology classes of commutative monoids in terms of strictly symmetric monoidal groupoids. We state and prove a classification result that generalizes the well-known one for strictly commutative Picard categories by Deligne and Fröhlich and Wall.
Introduction and summary
The category of commutative monoids is tripleable (monadic) over the category of sets [16] , and so it is natural to specialize Barr-Beck cotriple cohomology [1] to define a cohomology theory for commutative monoids. This was done in the 1990s by Grillet, to whose papers [7, 8, 9] and book [10] we refer the readers interested in cohomology theory for commutative monoids (the topic of this paper). For each commutative monoid M , its cohomology groups in this theory, H n (M, A), take coefficients in abelian group valued functors A on the Leech category HM , whose objects are the elements of M and whose morphisms are pairs (a, b) : a → ab, a, b ∈ M . Since these cohomology groups H n (M, A) can be computed, at least in low dimensions, by means of symmetric cochains, they are usually referred to as the symmetric cohomology groups of the commutative monoid M .
For any commutative monoid M , and any functor A : HM → Ab, we have also defined Leech In [2] , we gave a natural interpretation for Leech 3-dimensional cohomology classes in terms of monoidal abelian groupoids (M, ⊗) [15] , that is, of (Brandt) groupoids M, whose isotropy groups Aut M (x) are all abelian, endowed with a monoidal structure by a tensor product ⊗ : M × M → M, a unit object I, and coherent associativity and unit constraints (x ⊗ y) ⊗ z ∼ = x ⊗ (y ⊗ z), x ⊗ I ∼ = x, and I ⊗ x ∼ = x. Thus, in [2, Theorem 4.2] it is stated that monoidal equivalence classes of monoidal abelian groupoids (M, ⊗) are in one-to-one correspondence with isomorphism classes of triples (M, A, k), consisting of a (not necessarily commutative) monoid M , an abelian group valued functor A on the Leech category DM , whose morphisms are triples (a, b, c) : b → abc, and a Leech 3-cohomology class k ∈ H 3 L (M, A).
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In this paper, our goal is to state and prove a similar interpretation for Grillet symmetric 3-cohomology classes, now in terms of strictly symmetric (or strictly commutative) monoidal abelian groupoids (M, ⊗, c) [4, 15, 17] , that is, monoidal abelian groupoids (M, ⊗), as above, but now endowed with coherent and natural isomorphisms c x,y : x⊗y ∼ = y⊗x, satisfying the symmetry and strictness conditions c x,y c y,x = id x⊗y and c x,x = id x⊗x . Our result here can be summarized as follows (see Theorem 7.1):
-Each symmetric 3-cocycle h ∈ Z 3 (M, A), of a commutative monoid M with coefficients in an abelian group valued functor A : HM → Ab, gives rise to a strictly symmetric monoidal abelian groupoid
-For any strictly symmetric monoidal abelian groupoid (M, ⊗, c), there exist a commutative monoid M , a functor A : HM → Ab, a symmetric 3-cocycle h ∈ Z 3 (M, A), and a symmetric monoidal equivalence
.
if and only if there exist an isomorphism of monoids i : M ∼ = M ′ and a natural isomorphism ψ : A ∼ = A ′ i such that the equality of cohomology classes below holds.
Thus, triples (M, A, k), with M a commutative monoid and k ∈ H 3 (M, A) a symmetric 3-cohomology class, provide complete invariants for the classification of strictly symmetric abelian monoidal groupoids (M, ⊗, c), where two of them connected by a symmetric monoidal equivalence are considered the same.
Our result particularizes to strictly commutative Picard categories by giving, as a corollary, the well-known Deligne's classification for them [4] , also proved independently by Fröhlich and Wall in [5] . Indeed, in the very special case where M = G is an abelian group, any abelian group valued functor on HG is naturally equivalent to the constant functor given by an abelian group A, and the symmetric 3-dimensional cohomology group H 3 (G, A) vanishes, whence Deligne's result follows: Strictly commutative Picard categories are classified by pairs (G, A) of abelian groups.
The organization of the paper is simple. After this introduction, it contains two sections. The first is dedicated to stating a minimum of necessary concepts and terminology by reviewing some facts concerning Grillet cohomology of commutative monoids (Subsection 2.1) and symmetric monoidal groupoids (Subsection 2.2). The second section comprises our classification theorem for strictly symmetric monoidal abelian groupoids by means of symmetric 3-cohomology classes.
Preliminaries
This section aims to make this paper as self-contained as possible; hence, at the same time as fixing notations and terminology, we also review some necessary aspects and results about the cohomology of commutative monoids and symmetric monoidal categories used throughout the paper. However, the material in this preliminary section is perfectly standard by now, so the expert reader may skip most of it. For the cohomology theory of commutative monoids we mainly refer the reader to Grillet [10, Chapters V, XII, XIII, and XIV], and for symmetric monoidal (= tensor) categories to Mac Lane [15, 16] and Saavedra [17] .
2.1. Grillet cohomology of commutative monoids: Symmetric cocycles. For any given commutative monoid M , the coefficients A for its Grillet or symmetric cohomology groups H n (M, A) are provided by abelian group valued functors on the Leech category HM , that is, the category with object set M and arrow set M × M , where (a, b) : a → ab. The composition is given by (ab, c)(a, b) = (a, bc), and the identity of an object a is (a, 1). An abelian group valued functor, A : HM → Ab, thus consists of abelian groups A a , a ∈ M , and homomorphisms b * : A a → A ab , a, b ∈ M , such that, for any a, b, c ∈ M , b * c * = (bc) * : A a → A abc and, for any a ∈ M , 1 * = id Aa .
To compute the lower cohomology groups H n (M, A), there is a truncated cochain complex
called the complex of (normalized on 1 ∈ M ) symmetric cochains on M with values in A, which is defined as follows:
• A symmetric 2-cochain is a function g :
and g(a, 1) = 0.
• A symmetric 3-cochain is a function h :
and h(a, b, 1) = 0.
• A symmetric 4-cochain is a function t :
and t(a, b, c, 1) = 0. Under pointwise addition, these symmetric n-cochains constitute the abelian groups
The coboundary homomorphisms are defined by
The groups
are respectively called the groups of symmetric n-cocycles and symmetric n-coboundaries on M with values in A. By [9, Theorems 1.3 and 2.11], there are natural isomorphisms
The elements of
The elements of H 2 (M, A) have a natural interpretation in terms of commutative group coextension of the commutative monoid M by the functor A : HM → Ab. This is the classification result by Grillet in [10, §V.4], whose proof is a good illustration of the one we give of our result in this paper. We shall not present Grillet's proof here but, briefly, let us recall that in the correspondence between symmetric 2-cohomology classes and isomorphism classes of commutative group coextensions, each symmetric 2-cocycle g ∈ Z 2 (M, A) is carried to the coextension of M by A given by the crossed product commutative monoid
whose elements are pairs (u a , a) where a ∈ M and u a ∈ A a , and whose multiplication is given by
This multiplication is unitary ((0, 1) is the unit) since g is normalized, that is, g(a, 1) = 0 = g(1, a); and it is associative and commutative due to g being a symmetric 2-cocycle, that is, because of the equalities a * g(b, c) + g(a, bc) = g(ab, c) + c * g(a, b) and g(a, b) = g(b, a).
2.2.
Strictly symmetric monoidal abelian groupoids. In order to fix some needed notations about those monoidal categories we intend to address, we start by recalling that a groupoid (or Brandt groupoid) is a small category all of whose morphisms are invertible. A groupoid M whose isotropy (or vertex) groups Aut M (x), x ∈ ObM, are all abelian is termed an abelian groupoid. We use additive notation for abelian groupoids; thus, the identity morphism of an object x of an abelian groupoid M is denoted by 0 x ; if u : x → y, v : y → z are morphisms, their composite is written as v + u : x → z, whereas the inverse of u is −u : y → x. Example 3. Any abelian group A can be regarded as an abelian groupoid M with only one object a and Aut M (a) = A. For many purposes, it is convenient to distinguish A from the one-object groupoid M; the notation K(A, 1) for M is not bad (its nerve or classifying space [6, I, Example 1.4] is precisely the Eilenberg-Mac Lane minimal complex K(A, 1)), and we shall use it below.
A groupoid in which there are no morphisms between different objects is termed totally disconnected. It is easily seen that any totally disconnected abelian groupoid is actually a disjoint union of abelian groups or, more precisely, of the form a∈M K(A a , 1), for some family of abelian groups (A a ) a∈M .
A strictly symmetric (or strictly commutative) monoidal abelian groupoid
consists of an abelian groupoid M, a functor ⊗ : M × M → M (the tensor product), an object I (the unit object), and natural isomorphisms a x,y,z : (x ⊗ y) ⊗ z → x ⊗ (y ⊗ z), r x : x ⊗ I → x, and c x,y : x ⊗ y → y ⊗ x (called the associativity, unit, and symmetry constraints, respectively), such that the following five conditions are satisfied:
• a x,y,z⊗t + a x⊗y,z,t = (0 x ⊗a y,z,t ) + a x,y⊗z,t + (a x,y,z ⊗0 t ),
For later reference, let us note that the conditions above imply the following [12] :
These axioms express the coherence of the constraints in the following sense.
is the free commutative monoid generated by the index set M , then there exists a map
, and ϕ 0 : I → F 1, satisfying the three equations below.
•
′ consists of a functor on the underlying groupoids
, and an isomorphism ϕ 0 : I ′ → F I, such that the following coherence conditions hold:
′ is a natural isomorphism on the underlying functors, θ : F ⇒ F ′ , such that the coherence equations below are satisfied:
With compositions given in a natural way, strictly symmetric monoidal abelian groupoids, symmetric monoidal functors, and symmetric isomorphisms form a 2-category. A symmetric monoidal functor F : M → M ′ is called a symmetric monoidal equivalence if it is an equivalence in this 2-category, that is, when there exists a symmetric monoidal functor
Our goal is to show a classification for strictly symmetric groupoids, where two of them that are connected by a symmetric monoidal equivalence are considered the same. To do so, we use the fact below by Saavedra [17, I, 4.4.5] , showing how to transport the symmetric monoidal structure on an abelian groupoid along an equivalence on its underlying groupoid. Recall that a functor between (not necessarily abelian) groupoids
′ is an equivalence (of categories) if and only if the induced map on the sets of iso-classes of objects
is a bijection, and the induced homomorphisms on the automorphism groups
Fact 5 (Transport of Structure). Let F : M → M ′ be an equivalence between abelian groupoids so that there is a functor
(i) Any strictly symmetric monoidal structure on M can be transported to one on M ′ such that the functors F and F ′ underlie symmetric monoidal functors, and the natural equivalences θ and θ ′ turn out to be symmetric isomorphisms. If M = (M, ⊗, I, a, r, c), in the transported structure on M ′ by means of (F,
and the unit object is F I. The functors F and F ′ are endowed with the isomorphisms
and then the constraints a ′ , r ′ and the symmetry c ′ are given by those isomorphisms uniquely determined by the equations (10), (11) , and (12), respectively.
(ii) If both M and M ′ have a strictly symmetric monoidal structure, then any symmetric monoidal structure on F can be transported to one on F ′ such that θ and θ ′ become symmetric isomorphisms. Hence, a symmetric monoidal functor is a symmetric monoidal equivalence if and only if the underlying functor is an equivalence.
If
′ are the uniquely determined by the dotted arrows making commutative the diagrams below.
The framework of our discussion below comes suggested by the known classification theorems for strictly commutative Picard categories given in [4] and [5] for Picard categories in [18] , for graded Picard categories in [3] , and for monoidal groupoids in [2] .
Let M be a commutative monoid and let A : HM → Ab be a functor. Each symmetric 3-cocycle h ∈ Z 3 (M, A) gives rise to a strictly symmetric monoidal abelian groupoid
that should be thought of as a sort of 2-dimensional crossed product of M by A, and it is built as follows: Its underlying groupoid is the totally disconnected groupoid
where, recall from Example 3, each K(A a , 1) denotes the groupoid having a as its unique object and A a as the automorphism group of a. That is, an object of A⋊ h M is an element a ∈ M ; if a = b are different elements of the monoid M , then there are no morphisms in A ⋊ h M between them, whereas its isotropy group at any a ∈ M is A a . The tensor functor
is given on objects by multiplication in M , so a ⊗ b = ab, and on morphisms by the group homomorphisms
The unit object is I = 1, the unit element of the monoid M , and the structure constraints and the symmetry isomorphisms are
c a,b = 0 ab : ab → ba, r a = 0 a : a1 → a, which are easily seen to be natural since A is an abelian group valued functor. The coherence condition (4) holds thanks to the cocycle condition ∂ 3 h = 0 in (3), while (5) easily follows from the cochain equations in (2). The normalization condition h(a, 1, b) = 0, easily deduced from being h(a, b, 1) = 0, implies the coherence condition (6), and those in (7) and (8) are obviously verified.
In the next Theorem 7.1, we observe how any strictly symmetric monoidal abelian groupoid is symmetric monoidal equivalent to such a 2-dimensional crossed product. First, we combine the transport process in Fact 5 with the generalized Brandt's Theorem, which asserts that every groupoid is equivalent (as a category) to a totally disconnected groupoid [11, Chapter 6, Theorem 2] (see Example 3 here), to obtain the following. Lemma 7. Any strictly symmetric monoidal abelian groupoid is symmetric monoidal equivalent to another one that is totally disconnected and whose symmetry and unit constraints are all identities.
Proof. Let M = (M, ⊗, I, a, r, c) be any given strictly symmetric monoidal abelian groupoid.
Let M = ObM/∼ = be the set of isomorphism classes [x] of the objects of M, and let us choose, for each a ∈ M , any representative object x a ∈ a, with x [I] = I.
In a first step, let us assume that all the symmetry constraints are identities, that is, x ⊗ y = y ⊗ x and c x,y = 0 x⊗y , for any objects x, y of M, and also that I ⊗ I = I and r I = 0 I , the identity of the unit object. Then, let us form the totally disconnected abelian groupoid
whose set of objects is M , and whose isotropy group at any object a ∈ M is A a = Aut M (x a ). This groupoid M ′ is equivalent to the underlying groupoid M. To give a particular equivalence F : M → M ′ , let us choose, for each a ∈ M and each x ∈ a, an isomorphism θ x : x ∼ = x a in M. In particular, for every a ∈ M , we take θ xa⊗I = r xa . Note that this selection implies that θ I = θ I⊗I = r I = 0 I . Then, let F : M → M ′ be the functor that acts on objects by F x = [x], and on morphisms u : x → y by F u = θ y + u − θ x . We also have the more obvious functor F ′ : M ′ → M, which is defined on objects by F ′ a = x a , and on morphisms u : a → a by F ′ u = u. We have the natural isomorphisms θ : id M ∼ = F ′ F , and
Therefore, according to Fact 5, we can transport the given symmetric monoidal structure of M to a corresponding one on M ′ by means of (F, F ′ , θ, id), so that we get a totally disconnected strictly symmetric monoidal abelian groupoid
, and a symmetric monoidal equivalence F = (F, ϕ, ϕ 0 ) : M → M ′ . Now, a quick analysis of the structure on M ′ indicates that its unit object is F I = [ I ] and that, for any object 
Thus, M is symmetric monoidal equivalent to M ′ , which is a totally disconnected strictly symmetric abelian groupoid whose unit and symmetry constraints are all identities.
Therefore, it suffices to prove now that the strictly symmetric monoidal abelian groupoid M is symmetric monoidal equivalent to another whose symmetry constraints are all identities and whose unit constraint at the unit object is also the identity. What is more, in accordance with Deligne [4] , we can prove that there is a symmetric monoidal abelian groupoid S = (S,⊗) whose constraints are all trivial (i.e., a = 0, c = 0, and r = 0) with a symmetric monoidal equivalence S ≃ M: Let N[M ] be the free commutative monoid generated by M , which we shall regard as a strictly symmetric monoidal discrete groupoid (i.e., with only identities as morphisms). It follows from Fact 4 that there is a symmetric monoidal functor F = (F, ϕ, ϕ 0 ) :
such that F a = x a for any a ∈ M . Then, we define S as the abelian groupoid whose set of objects is N[M ], and whose hom-sets are defined by
Composition in S is given by that in M, so we have a full, faithful, and essentially surjective functor (i.e., an equivalence)
The monoidal functor⊗ : S × S → S is defined by multiplication in N[M ] on objects, and on morphisms by
where u⊗u ′ is the dotted morphism in the commutative square in M
So defined, S = (S,⊗) is a strictly symmetric monoidal abelian groupoid with all the constraints being identities. To prove this claim, the following equalities on morphisms in S should be verified
But these follow from the naturality of the structure constraints of M, c, r, and a, respectively. For example, given any u ∈ Hom S (f, g), we have the diagram
where the outside region commutes by naturality of r, those labelled with (C) commute because (F, ϕ, ϕ 0 ) : N[M ] → M is a symmetric monoidal functor, and the square (A) commutes due to ⊗ : M × M → M being a functor. It follows that the square (B) is also commutative and then that u⊗0 1 = u. The other two equations in (16) are proved similarly, and we leave them to the reader.
Owing to the commutativity of squares (15), the isomorphisms ϕ f,f ′ are natural on morphisms of S and, therefore, F = (F, ϕ, ϕ 0 ) : S → M is actually a symmetric monoidal functor, and therefore, by Fact 5 (ii), a symmetric monoidal equivalence.
We are now ready to prove the result in this paper, namely: 
, there is a symmetric monoidal equivalence
if and only if there exist an isomorphism of monoids i : M ∼ = M ′ and a natural isomorphism ψ : A ∼ = A ′ i, such that the equality of cohomology classes below holds.
Proof. (i) By Lemma 7, we can assume that M is totally disconnected and that all its symmetry and unit constraints are identities. In assuming that hypothesis, let us write the underlying groupoid as M = a∈M K(A a , 1), where M = ObM and, for each a ∈ M , A a = Aut M (a). Then, a system of data (M, A, h), such that A ⋊ h M = M as symmetric monoidal abelian groupoids, is defined as follows: -The monoid M . The function on objects of the tensor functor ⊗ : M × M → M determines a multiplication on M , simply by making ab = a ⊗ b, for any a, b ∈ M . If we write 1 ∈ M for the unit object of M, then this multiplication on M is unitary since the unit is strict. Furthermore, it is associative and commutative since, as M is totally disconnected, the existence of the associativity and symmetry constraints (ab)c → a(bc) and ab → ba forces the equalities (ab)c = a(bc) and ab = ba. Thus, M becomes a commutative monoid.
-The functor A : HM → Ab. The group homomorphisms ⊗ : A a × A b → A ab have an associative, commutative, and unitary behaviour in the sense that the equalities
hold. These follow from the abelian nature of the groups of automorphisms in M since the diagrams below commute due to the naturality of the structure constraints.
(ab)c
Then, if we write b * : A a → A ab for the homomorphism such that
show that the assignments a → A a , (a, b) → b * : A a → A ab , define an abelian group valued functor on HM . Note that this functor determines the monoidal product ⊗ of M since
-The symmetric 3-cocycle h ∈ Z 3 (M, A). The associativity constraints of M are necessarily written in the form a a,b,c = h(a, b, c), for a given list h(a, b, c) ∈ A abc a,b,c∈M . Since the symmetry constraints are all identities, for any (a, b, c) ∈ M 3 , equation (5) gives (9) it follows that h(a, b, 1) = 0. Therefore, h ∈ C 3 (M, A) is a symmetric 3-cochain. Finally, the coherence condition in (4) gives the equations
which means that ∂ 3 h = 0 in (3), so that h ∈ Z 3 (M, A) is a symmetric 3-cocycle. Since an easy comparison shows that M = A ⋊ h M , the proof of this part is complete.
(ii) We first assume that there exist an isomorphism of monoids i : M ∼ = M ′ and a natural isomorphism ψ :
This means that there is a symmetric 2-cochain g ∈ C 2 (M, A ′ i) such that the equalities below hold.
Then, we have a symmetric monoidal isomorphism
whose underlying functor acts by F (a u → a) = (ia ψaua −→ ia), and whose structure isomorphisms are given by
In effect, so defined, it is easy to see that F is an isomorphism between the underlying groupoids. Verifying the naturality of the isomorphisms ϕ a,b , that is, the commutativity of the squares
for u a ∈ A a , u b ∈ A b , is equivalent (since the groups A ′ i(ab) are abelian) to verifying the equalities
which hold since the naturality of ψ : A ∼ = A ′ i just says that
The coherence condition (10) is verified as follows
whilst the conditions in (11) and (12) trivially follow from the symmetric cochain conditions g(a, 1) = 0 ia and g(a, b) = g(b, a), respectively.
Conversely, suppose that
is any symmetric monoidal equivalence. By [3, Lemma 3.1], there is no loss of generality in assuming that F is strictly unitary in the sense that ϕ 0 = 0 1 : 1 → 1 = F 1. As the underlying functor establishes an equivalence between the underlying groupoids,
, and these are totally disconnected, it is necessarily an isomorphism. Let us write i : M ∼ = M ′ for the bijection describing the action of F on objects; that is, such that ia = F a, for each a ∈ M . Then, i is actually an isomorphism of monoids since the existence of the structure isomorphisms ϕ a,b : (ia)(ib) → i(ab) forces the equality (ia)(ib) = i(ab).
Let us write ψ a : A a ∼ = A ′ ia for the isomorphism giving the action of F on automorphisms u a : a → a, that is, such that ψ a u a = F u a , for each u a ∈ A a , and a ∈ M . The naturality of the automorphisms ϕ a,b tell us that the equalities (21) hold (see diagram (20)). These, for the case when u a = 0 a , give the equalities in (22), which amounts to saying that ψ : A ∼ = A ′ i is a natural isomorphism of abelian group valued functors on HM .
We now write g(a, b) = ϕ a,b , for each a, b ∈ M , and the equations g(a, 1) = 0 ia and g(a, b) = g(b, a) hold just due to the coherence equations (11) and (12) . Thus we have a symmetric 2-cochain g = g(a, b) ∈ A ′ i(ab) a,b∈M , which satisfies the equations (19) owing to the coherence equations (10), as we can see just by retracing our steps in (23). This means that ψ * (h) = i * (h ′ ) + ∂ 2 (g(F )) and, therefore, ψ
A strictly commutative Picard category [4, Definition 1.4.2] is a strictly symmetric monoidal abelian groupoid P = (P, ⊗, I, a, r, c) in which, for any object x, there is an object x * with an arrow x ⊗ x * → I. Actually, the hypothesis of being abelian is superfluous here since every monoidal groupoid in which every object has a quasi-inverse is always abelian [2, Proposition 4.1 (ii)]. Next, we obtain Deligne's classification result for these Picard categories as a corollary of Theorem 7.1 and the lemma below by Mac Lane [14, Theorem 4] . Lemma 8. Let G be any abelian group. For any abelian group A, regarded as a constant functor A : HG → Ab, the symmetric 3-dimensional cohomology group of G with coefficients in A is zero, that is, H 3 (G, A) = 0.
For any abelian groups G and A, let P(G, A) denote the strictly symmetric monoidal abelian groupoid constructed as in (14) , for the constant functor A : HG → Ab and the zero 3-cocycle 0 : G 3 → A. Since G is a group and, for any object a of P(G, A) (i.e., any element a ∈ G), we have a ⊗ a −1 = aa −1 = 1 = I; it follows that P(G, A) is actually a strictly commutative Picard category. Then, we have: Corollary 9 (Deligne [4] , Fröhlich-Wall [5] ). (i) For any strictly commutative Picard category P, there exist abelian groups G and A and a symmetric monoidal equivalence P(G, A) ≃ P.
(ii) For any abelian groups G, G ′ , A and A ′ , there is a symmetric monoidal equivalence P(G, A) ≃ P(G ′ , A ′ )
if and and only if there are isomorphisms G ∼ = G ′ and A ∼ = A ′ .
Proof. (i) Let P be a strictly commutative Picard category. By Theorem 7.1, there are a commutative monoid M , a functor A : HM → Ab, a 3-cocycle h ∈ Z 3 (M, A), and a symmetric monoidal equivalence A ⋊ h M ≃ P.
Then, A ⋊ h M is a strictly commutative Picard category as P is and, therefore, for any a ∈ M , there must exist another a * ∈ M with a morphism a ⊗ a * = aa * → I = 1 in A ⋊ h M . Since the groupoid is totally disconnected, it must be aa * = 1 in M , which means that a * = a −1 is an inverse of a in M . Therefore, M = G is actually an abelian group.
Let A = A 1 be the abelian group attached by A at the unit of G. Then, a natural isomorphism φ : A ∼ = A is defined such that, for any a ∈ G, φ a = a * : A = A 1 → A a . Therefore, Theorem 7.1(ii) and Lemma 8 give the existence of a symmetric monoidal equivalence A ⋊ h G ≃ A ⋊ 0 G = P(G, A), whence a symmetric monoidal equivalence P(G, A) ≃ P follows.
(ii) This follows directly from Theorem 7.1(ii).
